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Abstract 

Infinitesimal Cherednik algebras, first introduced in [EGG], are continuous analogues of 
rational Cherednik algebras, and in the case of gl„, are deformations of universal enveloping 
algebras of the Lie algebras sf n +i- Despite these connections, infinitesimal Cherednik al- 
gebras are not widely-studied, and basic questions of intrinsic algebraic and representation 
theoretical nature remain open. In the first half of this paper, we construct the complete 
center of H^(Ql n ) for the case of n = 2 and give one particular generator of the center, the 
Casimir operator, for general n. We find the action of this Casimir operator on the highest 
weight modules to prove the formula for the Shapovalov determinant, providing a crite- 
rion for the irreducibility of Verma modules. We classify all irreducible finite dimensional 
representations and compute their characters. In the second half, we investigate Poisson- 
analogues of the infinitesimal Cherednik algebras and use them to gain insight on the center 
of HQ(gl n ). Finally, we investigate H^(sp 2n ) and extend various results from the theory of 
H^(gl n ), such as a generalization of Kostant's theorem. 



Introduction 

The main goal of this paper is to study the representation theory of the infinitesimal Cherednik 
algebra H^(gl n ), a deformation of the representation theory of sl n+ i, with infinitely many defor- 
mation parameters £ = (Co, Ci> C2 , ■■■Xm, •••)• Namely, s[ n+ i can be represented as gl n © V © V* , 
where V, V* are the natural representations of Ql n on vectors and covectors. In this represen- 
tation of s[ n+ i, the elements of V commute with each other, as do the elements of V* . The 
commutation relations of g[„ with V, V* are given by the usual action of matrices on vectors and 
covectors, while commutators of V with V* produce elements of gi n . To pass to the deformation 
^(g[ n ), one needs to change only the last relation: commutators of V and V* will now be not 
just elements of gl n but rather some polynomial Co r o + Ci r i + "' of them, where Q are the de- 
formation parameters mentioned above and r, are basis polynomials introduced in [EGG]. This 
deformation turns out to be very interesting, since it unifies the representation theory of sl n+ i 
with that of degenerate affine Hecke algebras (introduced by Drinfeld and Lusztig in [D],[L]) 
and of symplectic reflection algebras ( [EG] ) . 

The main results of this paper are the following. In Section [2j we generalize a classical result 
from the representation theory of Kac-Moody algebras by computing the determinant of the 
contravariant (or Shapovalov) form, thus determining when the Verma module over i^(cj( n ) is 
irreducible. This proof requires knowledge of the quadratic central element and its action on 
the Verma module. In Section [3j we find explicit formulas for all central elements of H^(gl 2 ), 
and in Section [4j we find the quadratic central element for all H^(gl n ). This extends the work 
of Tikaradze [T], who proved using methods of homological algebra that the center of H^(Ql n ) is 
a polynomial algebra in n generators, but did not get any explicit formulas for these generators. 
In Section [5j we provide a complete classification and character formulas for finite dimensional 
representations of H^(g{ n ), generalizing Chmutova's unpublished work. In Sections M to |8j we 



introduce the Poisson analogue of the infinitesimal Cherednik algebras, compute their Poisson 
center, and use it to give a second proof of the formula for the quadratic central element of 
H^(gi n ). We also present some results on the central elements of the Poisson analogue of 
H^(sp2 n ); hopefully, these results could be extended to the noncommutative algebra ^(sp 2n ). 
Finally, in Sections [9] and 10 , we investigate the Harish-Chandra mapping and an analogue of 



Kostant's theorem. 

It would be interesting to find explicit formulas for all central elements, and we expect that 
this can be done using the Duflo isomorphism. Other interesting problems include the study of 
infinite dimensional irreducible representations in category O (and possibly an analogue of the 
Kazhdan-Lusztig conjecture) and of the quantum analogues H^(gl n ) and H^(sp 2n ) 
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1 Basic Definitions 

Let us formally define the infinitesimal Cherednik algebras of gl n , which we denote by H^(gi n ). 
Let V = span(yi, . . . , y n ) be the basic n-dimensional representation of g[ n and V* = span(xi, . . . , x n ) 
be the dual representation. For any gl n invariant pairing ( : V x V* -*■ U(gi n ), define an algebra 
H^(gi n ) as the quotient of the semi-direct product algebra U(gi n ) x T(V ® V*) by the relations 
[y,x] = ((y,x) and = [y,y'] = for all x,x' e V* and y,y' e V. 

Let us introduce an algebra filtration on H^(gl n ) by setting deg(x) = deg(y) = 1 for x e V*, 
y e V, and deg(g) = for g e U(gl n ). We say that H^(gl n ) satisfies the PBW property 
if the natural surjective map U(g\ n ) x S(V © V*) -» gvH^(gl n ) is an isomorphism, where S 
denotes the symmetric algebra; we call these H^(gi n ) the infinitesimal Cherednik algebras of 
gi n . In [EGG], it was shown that the pairings Q satisfying the PBW property are given by 
£ = Ej=o Cj r j where Q e C and rj is the symmetrization of the coefficient of r J in the expansion 
of (x, (1 - TA)- l y) det(l - tA)' 1 . 

Note that for £ = (^ro + (in with (j + 0, there is an isomorphism (p : H^(gl n ) -*■ U(sl n+ i) 
given by 0(a) = a for a e sl„, 4>{Vi) = \/Ciej,n+i, (f>(xi) = VCie n +i,i, and 

4>(Id) = — — (en + ■■■ + e nn -ne n+ i in+ i - n-^\ . 
n + 1 V Ci / 

This isomorphism allows us to view H^(gl n ) for general £ as an interesting deformation of 
U(sl n+1 ), even though any formal deformation of U(sl n+1 _) is trivial. 

Example 1.1. The infinitesimal Cherednik algebras of g^ are generated by elements e, /, and 
h, satisfying the relations [h,e] = e, [h, /] = -/, and [e, /] = (f>(h) for some polynomial </>. In 
literature, these algebras are known as generalized Weyl algebras ([S]). 

Similarly as in the representation theory of sl n+ i, we define the Verma module of H^(gl n ) 

as 

M(A) = H c (gl n )/{H c ( S l n ) • n + + H ( (gl n )(h - X(h))} het) 

where the set of positive root elements n + is spanned by the positive root elements of g[ n (i.e., 
matrix units ejj with i < j) and elements of V; the set of negative root elements n~ is spanned 
by the negative root elements of g\ n (i.e., matrix units etj with i > j) and elements of V*; and 
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the Cartan subalgebra f) is spanned by diagonal matrices. The highest weight, A, is an element 
off}*. 

Let us denote the set of positive roots by A + , so A + = {e* { - ej-} u {e^} for 1 < i < j < n. 
To denote the positive roots of gf n , we use A + (£([„), and to denote the weights of y,, we use 
A + (V). We define P - \ EagA+ ^ = ■ ■ ■ > _ ^i/' a quasiroot to be an integral multiple 

of an element in A + , and Q + to be the set of linear combinations of positive roots with non- 
negative integer coefficients. Finally, we denote the —v weight-space of C/(n~), where v e Q + , 
byU(n) u . 



2 Shapovalov Form 

As in the classical representation theory of Lie algebras, the Shapovalov form can be used to 
investigate the basic structure of Verma modules. Similarly to the classical case, M(A) possesses 
a maximal proper submodule M(A) and has a unique irreducible quotient L(X) = M(A)/M(A). 
Define the Harish-Chandra projection HC : H^(gl n ) -> S'(h) with respect to the decomposition 
H((gi n ) = (H^(gl n )n + + n'H^(gl n ))®U(i)), and let a ■ H^(g{ n ) -> H^(gl n ) be the anti-involution 
that takes yi to Xi and to e^. 

Definition 2.1. The Shapovalov form S : H c (gl n ) x H c (gl n ) C/(h) = 5(f)) = C[fj*] is a 
bilinear form given by S(a,b) = HC(cr(a)6). The bilinear form S(X) on the Verma module 
M(A) is defined by 5(A)(uit>A, U2V\) = S(u±, v,2)(A), for u\,U2 e J7(n~). 

This definition is motivated by the following two properties (compare with [KK]): 

Proposition 2.1. 1. S{U{n~)^ U{n~) v ) = for^ + v, 
2.M(\) = kerS(\). 



Statement 1 of Proposition 2.1 reduces S to its restriction to U(n~) l/ x U(xi~) u , which we 
will denote as S v . Statement 2 of Proposition |2. 1| gives a necessary and sufficient condition for 
the Verma module M(A) to be irreducible, namely that for any v e Q + , the bilinear form ^(A) 
is non-degenerate, or equivalently, that detS u (X) * 0, where the determinant is computed in 
any basis; note that this condition is independent of basis. For convenience, we choose the basis 
{/ m }, where m runs over all partitions of v into a sum of positive roots and f m = Yl f™ a with 
f a e rT of weight -a. We will use the notation a\- b to mean that (ai, . . . , a n ) is a partition of 
b into a sum of n nonnegative integers when b e N, and m h- v to mean that m is a partition of 
v into a sum of elements of A + when v e Q + . Then, the basis we will work with can be written 
concisely as {/ m } mhJ/ . 

Now, we will give a formula for the determinant of the Shapovalov form for H^(gl n ) that 
generalizes the classical result presented in [KK]. This formula uses the following result proven 



in Section 3.3 for Hc(gl 2 ) and in Section 4.2 for general Hf(gl n ): if the deformation is given 



by C - Co r o + ClTl + ••• + CmXmi the action of the Casimir element t[ (introduced in Sections 
[3] and [4|) on the Verma module M(A) can be written as -P(A) = T,]to w jHj+i(X + p), where 



^j(A) = Spi-j rii<j<n^r are the complete symmetric functions. Note that each iOj is a linear 
combination of {Co, ■ ■ ■ ,Cj} and (wq,wi, . . . ,Wj) can equal any point in C 3 ; this observation 
is key to the proof of the Shapovalov determinant formula. 

Define the Kostant partition function r as t(u) = dimU(n~) u . Then: 

Theorem 2.1. Up to a nonzero constant factor, the Shapovalov determinant computed in basis 
{/ m } 

is given by 
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\a £ A+(V)fe=l / \c* 6 A+( fl l n )fc=l / 

Remark 2.1. For the case of ( = Co r o + Ci r i with £1 * 0, we get the classical formula from [ifK]. 

Proof. The proof of this theorem is quite similar to the classical case with a few technical details 
and differences that will be explained below. We begin with the following lemma, which shows 
that irreducible factors of det»S„(A) must divide P(X) - P(X - fi) for some fi e Q + . 

Lemma 2.1. Suppose det S l/ (X) = 0. Then, there exists fi e Q + \{0} such that P(X)-P(X-fi) = 0. 

Proof. Note that detS u (X) = implies that the Verma module M(A) has a highest weight 
vector of weight A - (i for some fi £ Q + satisfying < fi < v. Thus, M(A - /i) is embedded in 
M(A). Since t[ acts by constants on both M(A) and M(A - fi), which can be considered as a 
submodule of M(A), P(A) - P(A - //) = as desired. □ 

The top term of the Shapovalov determinant det5„(A) in the basis {/ m } mh „ comes from 
the product of diagonal elements; that is, the top term is given by Tl m ^ u Tl[o'(fa), fa] ma (X). 
We already know that the top term of [e^, e^](A) for i < j is Aj - Xj = (A, a) where a is the 
weight of eij. The following lemma gives the top term of [yj,Xj](X): 

Lemma 2.2. The highest term of [yj,Xj](X) for ( = ( r + ... + C, m r m is ( m E P (Pi + 1) II Af\ 

where the sum is over all partitions p of m into n summands. 

Proof. From [EGG] Theorem 4.2, we know that the top term of [yj,Xj] for £ = Co r o + Ci r i + , " +r m 
is given by the coefficient of r m in det(l - rA)~ 1 (xj, (1 - rA)~ 1 yj). Because the set of diago- 
nalizable matrices is dense in gl n , we can assume A is a diagonal matrix A = diag(Ai, A2, X n ) 
so that 

det(l-rA)- 1 = n i=^t = Efe Epnfe Tl t Xf'T k and x^I-tA)-^ = = l+X jT +-. Multiplying 

these series gives the statement in the lemma. □ 

Thus, we see that the top term of the determinant computed in the basis {f m } m \-u, up to 
a scalar multiple, is of the form 



J] (A,a) E - m ° 

^a€A+( lJ 



t I \Em m a\ 

n E(p*+i)rm 

\a= % sA+(V) \ P ) 



Since r(fi) is the number of partitions of a weight fi, the sum £ m m a over all partitions m of 
v with a fixed must equal E^=i T ( u ~ ka), so the expression above simplifies to 



n ri(A,«) r( ^ a) 



r(v-ka) \ 



n n E(p,+i)n\ pi 

a= % sA + (y) fc=l \pi-m 



This highest term comes from the product of the highest terms of factors of P(X) -P(X-fi) 
for various fi e Q + . Let us now prove that P(X) - P(X - fi) is irreducible as a polynomial 
in A for all fi t ka, a e A + (gl n ). If this claim is true, then all fi contributing to the above 
product should be quasiroots; if fi = ka for a e A + (gl n ), the linear factor of P(X) - P(X - fi), 
(A + p, a) - k, has highest term (A, a), which appears in the highest term of the Shapovalov 
determinant, while if fi ± ka for some a e A + (gl n ), the highest term of the irreducible polynomial 
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P(X) - P(X- p), Epnm Ei Mj(Pj + 1) II does not match any factor in the highest term of the 
Shapovalov determinant unless /i is a F-quasiroot. Finally, since ~^^^jZfc is irreducible for 
a e A + (fj[ n ), only the linear factor (A + p, a) - k of P(X) - P(X - ka) appears in the Shapovalov 
determinant. 

Now, let us prove the claim that P(X)-P(X-p) is irreducible for p + ka (a e A + (g[ n )). Con- 
sider the parameters Wi as formal variables. Then, we have P(X) - P(X - p) = T,i>o w i{Hi+i(X + 
p) - Hi+i(X + p - p)). We can absorb the p vector into the A vector. For this polynomial to be 
reducible in W{ and Xj, the coefficient of wo should be zero: H\(X) - H\(X - p) = H\(p) = 0. 
Also, since the coefficient of w\ is linear in Xj, it must divide the coefficients of every other 
In particular, the highest term of ^(A) - i?2(A - p) must divide that of Hs(X) - Hz(X - p). 
The highest term of ^(A) - ^(A - p) is £j Aj(/ij + T,j l^j) - (A, p) and the highest term of 
Hz(X) - Hs(X - p) is given by H^(X)(p), the evaluation of the gradient H^(X) at p. Since this 
term is quadratic and is divisible by (X,p), we can write H^(X)(p) = (A,//)(A,£) for some £ e f)*. 
Now, let us match coefficients of AjAj for i + j and of A? on both sides of the equation. By 
doing so (and using the fact that Y,Pt = 0), we obtain p^j + pj£i - pi + pj and p£i = 2pi. Since 
pi + --- + p n - and p + 0, at least two of pi are nonzero, say pi x and pi 2 . From the two equations, 
we obtain pi x + pi 2 = 0. If pi 3 t 0, then by similar arguments, pi x + pi 3 = pi 2 + pi 3 = pi x + pi 2 = 0, 
which is impossible since pi x , pi 2 , pi 3 + 0. Thus, P(X) - P(X - p) is reducible only if exactly two 
of the pi are nonzero and opposite to each other — that is, p = ka for a e A + (g[ n ). For such p, 
(A + p, p) — k, is the linear factor of P(X) — P(X — ka). Similar arguments show that P ^\ + p^ 
is irreducible for any a e A + (g[ n ), k £ N. 

To prove the power of each factor in the determinant formula of Theorem |2.1| is correct, 
we use an argument involving the Jantzen filtration, which we define as in [KK] page 101 (for 
our purposes, we switch U(q) to H^(qI h )). The Jantzen filtration is a technique to track the 
order of zero of a bilinear form's determinant. Instead of considering the complex numbers, we 
consider the localized polynomials C(t), defined as p(t)/q(t) with p(t),q(t) e C[t] and q(0) + 0. 
A word-to- word generalization of Lemma 3.3 in [KK] to our setting proves that the power of 
P(X) - P(X - ka) for a e A + (V) and (A + p, a) - k for a e A + (g[ n ) is given by t{v - ka), 
completing the proof of Theorem |2.1| □ 



3 The Center of H c (q[ 2 ) 

We first describe a basis for the center of C/(g[ n ). Let Q\, Q2, Q3, Q n e S(gl^) (which can be 
identified as members of S(gl n ) under the trace-map) be defined by the power series det(£ld - 
AQ = Ej=o (-^yt n ~ 3 Qj(X), and let /3« be the image of Qj under the symmetrization map from 
S(gi n ) to U(gl n ). To reduce the number of subscripts, we will use j3 to refer to j3\. The center 
of U{g\ n ) is a polynomial algebra generated by these We write equations in this section in 
terms of /3, because their commutativity simplifies computations. 

Let ti = Y,j x j[f3i,Uj]- I n [T], it was shown that the center of Hq(qI h ) is a polynomial algebra 
in ti, 1 < i < n, and that there exist unique (up to a constant) c« e l(U(g\ n )) such that the center 
of H^(gl n ) is a polynomial algebra in t[ = ti + Cj. 

Definition 3.1. The Casimir element of H^(gl n ) is defined (up to a constant) as t[. 

In this section, we will make use of the anti-involution a, defined in the beginning of Section 
[2J Instead of working with t{ in this section, we shall work with ti = EjtAiZ/il^j instead for 
convenience. It is straightforward to see that 3 (Ha(gl n ) ) = C[t±,t2, ■ ■ ■ ,t n ] and that i(H^(gi n )) = 
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C[ti+C\,t 2 +C 2 , ■ ■ • ,t n +C n ] for some C\, C 2 , . . . , C n e 3(f7(sl n ))- We will naturally denote ij + Cj 
by i ■. For gl 2 , l x = y x x\ + y 2 x 2 and t 2 = yie 22 xi + 2/2611X2 - y 2 e\ 2 x\ - y\e 21 x 2 - \ {y\X\ + y 2 x 2 ). 
Note (as in [T]) that ij and elements of 3(^(0^)) are fixed by a. Proofs involving technical 
computations are relegated to the Appendix. 



3.1 Basis for PBW Deformations 

We start by constructing an alternative basis s m for PBW deformations such that the Casimir 
element's action on the Verma module of H Sm (Ql 2 ) is given by 

F m+1 (A + /9 ) = ES 1 (Ai + l) i Ar 1 - i - 

Let us define 7 = 1 + /3 2 - 4/3 2 6 z(U(q1 2 )) and u k = ^^J}-^" e c[ 7 ]. 
Definition 3.2. Define s m = A m (y, x) + B m y ® x with 

I m+2 I . 



L 2 j j-j 4 j _ m _ ! i m + 2 \ / m + 1 _ 2k\ 
2 m+T fc> 2j + l \2k+l)\2j-2k-l) 1 



j=l k 



Theorem 3.1. 77ie pairings Sj constitute a basis for PBW deformations. 



To prove Theorem 3.1 and other results of this section, we use the following lemma, which 
reduces many statements in this section to technical computations. 

Lemma 3.1. 

[/3 m 7 n , Xi ] = [/3"V + (/3 + l) m (f3u 2n - u 2n+1 )] Xl - 2(/3 + l) m u 2n (e lt xi + e 2i x 2 ). 

This lemma can be proved by finding a recursion linking [/3 m 7 ?1 ,Xj] to [/3 OT 7 n_ and 
solving it using the standard theory of linear recursions. 



Proof of Theorem 3.1 In [EGG], it was shown that the PBW property is equivalent to the 
Jacobi identity: for all v\, v 2 , V3 e V © V* , [vi, [v 2 , V3]] + [v 2 , [v$, v\]] + [ua, [v\, v 2 ]] = 0. Since 
[xi,x 2 ] = for xi,x 2 e V* , it suffices to show that [x\, [x 2 ,y 2 ]] + [x 2 , [y 2 ,Xx]] + [y 2 , [x\,x 2 ]] = 
-[x±, A m + B m e 22 ] + [x 2 , B m e 2 i] = [A m , x±] + [B m e 22 , x^ + [x 2 , B m e 2 i] = 0; the other cases would 
follow because of the anti-involution a. 

Since [x 2 ,B m e 2 i] = -[B m ,x 2 ]e 2 i + B m x\ and [B m e 22 ,xi] = [B m ,xi]e 22 , the Jacobi identity 
becomes [A m , x{\ + [B m , xi]e 22 - [B m , x 2 ]e 2 i + B m x\ = 0. 



Let us try to expand [B m ,xi]e 22 - [B m ,x 2 ]e 2 i first. Note that by Lemma 3.1 



[B m ,xi] = K\x\ +K 2 (euxi + e 2i x 2 ) and [B m ,x 2 ] = K\x 2 + K 2 {e\ 2 xi + e 22 x 2 ) where K\ and K 2 
are given by: 



I mill _ x 

* ■ ii„(r + i)(2^i) w+i) ™^- 
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By rearranging terms, we can then write 

[K\x\ + K 2 (e 11 x 1 + e 2 ix 2 )] e 22 - [K x x 2 + K 2 (e 12 xt + e 22 x 2 )] e 2 i 



-Ki(e n xi + e 2 ix 2 ) + 



K 1 v-i)+K,( f +1 - i >-*r 



Xx. 



We can evaluate using Lemma 3.1 Substituting this and the above expression into 



[Am, x{\ + [B m , xi]e 22 - [B m , x 2 ]e 2 i + B m x\ gives C(/3, 7)2:1 + D(/3, 7)(enx 1 + e 2 ix 2 ), where 



m+2 



om+1 {—i i—i 



2 m+1 U j&6(2i + l)(2fc + l)!(2j-2fc-l)!(m + 2-2j)! 

x^(m + 3)(/3 m+2 -^ 7 fe + (/3 + l) m+2 - 2 ^u 2k - (/3 + l) m+2 ^u 2fc+1 ) 
4(m + 2 - 2j)(/3(/3 + l) m+l ^u 2k - (/3 + l) m+1 - 2j u 2fc+1 ) 
(m + 2 - 2j)(/9 + ir +1 ^((/3 - l) 2 - 7 )n 2 A 



m+2 I 



2™ 3 tl ia(2i + l)(2A! + l)!(2j-2fc-l)!(m + 2-2j)! 
x^(m + 2-2j)/3 m+1_2j 7 fe 

+ (2j + l)(/3 + l) m+2 - 2 ^ 2fc - (m + 2 - 2j)(/3 + l)"" 1 "^* + u 2fc+1 ) j. 

Lemma 3.2. C and D are identically 0. 

The proof of this Lemma is given in the Appendix. 

Thus, the Jacobi identity holds for ( = s m for all m. Since degs m = degr m with respect to 
the grading where degeij = 1, s m constitute a basis for PBW pairings. □ 

If £ is a PBW deformation, we will use Q to refer exclusively to the components of £ in the 
Ti basis: £ = Co r o + Ci r i + "'• We will denote the components of £ in the s» basis by instead: 

C = Wo«0 + W\S\ + — . 

3.2 Center of # c (g[ 2 ) 

We now give the following construction for the center of H^(q1 2 ). First, define 

I m +2 I 

m+1 



= 1 J A m + l-2j-2fe/m + 2Wm + l-2fc\ +1 _ 2 fc 
7 2 m+2 ,e n £d m + 2 -27 V2A;+1/V 27-2fc / 



2j V2A: + 1/ V 2j 

2j + 2fc - m / m + 2 \ tm + 1 - 2fc\ 2 „ 2j - fc . 
2j-2k + 1 V2fc+ 1/V 2j-2£; / '' 
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Theorem 3.2. For a deformation ( = Y,i w i s i> the center is given by the polynomial algebra 
l(H c (Ql 2 )) = C[h + ZwiC 1 (i),i 2 + ZwiC2(i)]. 

Proof. It suffices to consider the case ( = s m . 
Lemma 3.3. [x\,ti + Ci(m)] = [xi,t 2 + C 2 (m)] = 0. 

The proof of this Lemma is given in the Appendix. 

Thus, by the transitivity of GL 2 action on V*, [x,t\ + Ci(m)] and [x,t 2 + C 2 (m)] for all 
x e V*. It was shown in [T] that t\ and t 2 commute with U(gl 2 ) and since Ci(m),C 2 (m) e 
$(U(q1 2 )), t\ + C\(m) and t 2 + C 2 (m) commute with U(gl 2 ) also. Furthermore, by using the 
anti-involution a, we see that if [x,ti + Ci(m)] = and [x,t 2 + C 2 (m)] = for all x e V* , then 
[y,ii + Ci(m)] = and [y,t 2 + C 2 (m)] = for all y e V. This shows that t[ = t\ + C\(i) and 
t' 2 = t 2 + C 2 (i). □ 

3.3 Action of Center on Verma Module 

In [T], it was proven that the leading term of the Casimir element's action on the Verma module 
M(A) is given by P(X) = H m+ i(X) for a deformation £ = r m . In the new basis {sj} the action 
of the center can be written explicitly. Namely: 

Theorem 3.3. For a deformation ( = Y.i w i s i> the actions of t[ and t 2 on M(A) are given by 
P(A) = T. i w i H i+ i(X + p) and Zi w% (§#i+i(A + p) + H i+2 (X + p) - (Ai + l) i+2 - A 2 +2 ) respectively. 

The proof of this theorem is given in the Appendix. 



4 The Casimir Element of H^(Ql n ) 

In this section, we construct the Casimir element of H^(qI u ) and prove that its action on the 
Verma module M(A) is given by P(X) = £™ WjH j+1 (X + p). 



4.1 Center 

Let us switch to the approach elaborated in [EGG] Section 4, where all deformations satisfying 
the PBW property were determined. Define 5^ = (id) rn 5 with 5 being a standard delta- 
function at 0, i.e., / 5(8)<p(8)d0 = <fi(0). Let f(z) be a polynomial satisfying f(z) - f(z - 1) = 
d n (z n C(z)), where Q{z) is the generating series of the deformation parameters: C( z ) - Co + d z + 
C 2 z 2 + -. Recall from [EGG], Section 4.2, that for f(8) = Z m >o fmS (m) (8) , 

[y,x] = -^ f (x,(v9v)y) r {l-e-' w )f{8)e w ^d8dv. 

Theorem 4.1. Let g(z) = Y.g m z m = £ ( m +i)(m+2)--im+n-i) z " 1 ■ The Casimir element o/^(fll n ) 
is given by t[ = Y, ^iVi + ^s z= og(z" 1 ) det (1 - zA) dz/z. 
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Proof. Define C = Res z= og(z 1 ) det (1 - zA) 1 dz/z. Let us compute [y, t\ + C']. Then, 
[y,ti + C'] = T.i[y,Xi]yi + [y,C]. Let us rewrite the first sum: 

27T n J|»|=l J-7T 

We define F m {A) = f M=1 (Av,v) m+1 dv = f\ v \ =1 (v ® v) m+1 dv as in [EGG] Section 4.2; it was 
shown there that £ m f m F m -i{A) = 2n n Res z=() g{z~ 1 ) det(l - zA)~ 1 z~ 1 dz = 2ir n C'. Thus, we can 
write 

so that [y,C] = 2^4|=i/T ff /(^[J/,^^]^^. Since 

e -i0(w8m)r^ e i0(iji8m)j _ e -i0(v®v)y e i9(v®v) - y - e -iOad(v®v)y _ y _ £ g -i0 _ 

we get [y,C] = ^ 4, =1 /(^(^(e^ - 1)( V <g> v)y dddv, so Ei[y, + [v, C] = as 
desired. By using the anti-involution a, this implies [x,t± + C] = for any x e V* , while 
[(Hj, h + C] = by [T], and hence, t[ =h + C □ 



4.2 Action of Casimir Element on Verma Module 



In this section, we justify our claim that the action of the Casimir element t[ is given by 
P(^) - Y^jioWjHj+ii^ + p). Obviously, t[ acts by a scalar on M(A - p), which we will denote 
by *i(A). Since t[ = Zxtyi + C, C e i(U(g)) = S(g) G , we see that t[(\) = C"(A) where C"(A) 
denotes the constant by which C acts on M(A - p). 

/ . \n-l 

Theorem 4.2. Let = Zw p z p = z x ~ n ( ^nsfzp) ) /(*)■ ^Zien, ^(A) = Y.w, p H p (\). 

Proof. Instead of considering the Verma module M(A - p) of i^(gl ra ), we can use a finite- 
dimensional representation of U(Ql n ) in the proof since C"(A) is a polynomial in A. For a 
dominant weight A - p (so that the highest weight g[ n -module V\- p is finite dimensional) we 
define the normalized trace T(X,6) = try A (e'^ v ® v ))/dim V\- p for any v satisfying \v\ = 1 (note 
that T(X,9) does not depend on v). To compute T(A, 0), we will use the Weyl Character 

formula (see [Ful]): X\-p = v r_-n^ ™p wnere W denotes the Weyl group (which is S n for 
Ql n ). However, direct substitution of e i() ( v ®v) into this formula gives zero in the denominator, 
and thus, we compute the limit lim e ^o Xx-p( eid ^ v0v ^ +ttl ) for a general diagonal matrix p. 
Without loss of generality, we may suppose v = y±, so 



(1 


• 


• 0\ 





• 


• 


^0 


• 


• oj 
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Then, 

V ( — 1 \m p (wX,iBw\+en) 
e-0 AA PV ' E w s„(-l)'"e (w ''' 1+£,l) 

= hm ■ 



(recall that A + (g[„) is defined as the set of positive roots of gl„, given by A + (gt n ) = {e* { - ■ : 
1 < i < j < n}). 

We first compute the denominator. Partition A + (g[ n ) into Ai u A2 = A + (gl n ), where Ai = 
{e* u - e)- : 1 < j < n} and A 2 = A + (gl n )\A 1 . For a e Ai, 

lim ( e <«/2^ 1+ e M > _ e -W2,^>) = e W/2 _ e -ie/2 = 2isin Q , 

so lim € -^n a6 Ai(e (a/2,<ft0l+e ' i> - e -<°/ 2 >^i + ^))-i = (2isin(f)) 1_n . 

Next, we compute the numerator. We can divide S n = \_\i<j< n Bj, where Bj - {we S n \w(j) = 
1}. Note that Bj = Uj ■ S n -i, where Oj = (1, 2, . . . ,j) and S n -\ denotes the subgroup of S n 
corresponding to permutations of {1, 2, . . . ,j - l,j + 1, . . . , n}. We can then write 



n-l 



where Aj = (Ai, . . . , Xj-i, X j+1 , . . . , A„) and /} = (/x 2 , • • ■ , aO- 
Combining the results of the last two paragraphs, 

hm ; 

= lim V f-lV" 1 ^^ - Laes n -A jJ e 

e ^°i<^n (2isinf)«- 1 n^t^'^-e"'* 9 " 1 ^)' 

Using the Weyl character formula again, we see that 

n ae A 2 (e< a / 2 '^>-e-< Q / 2 '^>) V h-e y } 
where p is half the sum of all positive roots of gl„_i- Thus, 

Y, aeS (_l)o- e e(o-(Aj),/i) 
hm , T , "7* ; , , .„ — = try, (1) = dim Vr -. 



We substitute to obtain 



, , e^dimVr - 

try, ( e i9 ( v ®^) = V (-l)J'- 1 jt^-- 

X - pK } i<t<n (2 iS inf)«-i 
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Our original goal was to calculate T(X,9) = try A (e l0 ( v ® v ')/ dim V\- p . We obtain 



e i8X i dim V. - 



i<j< n ^isin^)™ MimVx^p 

We can use the following dimension formula from [Ful]: 

dimy A _ p , n 

l<i<j<n 3 1 



where F A _„ is a gL-module. Hence, T(A,6») = (2isin(6»/2)) 1 - n (n - l)!E?=i n-rrm- Since 
one can prove by induction that X!?=i fr — _^ ^ = ffm-n+lC^l; ■•■> x n)? we get 

T(A,0) = (2»Bin(6)/2)) 1 -"(n- l)!E pa0 ^^g^ - 

Thus we get, 

\p+n-l 



where w£ = /(0)(2» sin(g/2)) 1 - n ( ff dO. Let «/(*) = E^^ p - Note that 

/a/2 _ e -a/a)"- V V(«) = T /» V (2i sin(0/2)) We 9 / 2 - e-Wy-' p 9 ) 1 -! d6 
\ > J--K £ v / (p + n-1)! 

= /(^)(2isin(0/2)) 1 - ri (e a/2 - e^ 2 )"^ 20 d0 
= /(0)(2i sin(0/2)) 1 - n (e ie/2 - e"^ 2 )""^ 6 dfl 

= r Hoy ze d6 = f(z). 

J -TV 

1 / i \ n-1 

Hence, 11/(21) = 2 ~ n ( 2 sinh(9/2) ) = w^- 2 ) an d w' p = w p as claimed. □ 



5 Finite Dimensional Representations 

In this section, we investigate when the irreducible H^{Q\ n ) representation L{\) is finite dimen- 
sional. As in the case for classical Lie algebras, this representation is a quotient of a Verma 
module M(A). In Section |5.1[ we show that the finite dimensional L(X) must be rectangular 
and have characters (with respect to f)) of the form 

where the summation is over all dominant Qi n weights A', and v e N n is a parameter depending 



on £ and A. In Section 5.2, we show the existence of deformations £ such that the representation 



L(A) of //^(g[ n ) has the above character. 
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5.1 Rectangular Nature of Irreducible Representations 



Theorem 5.1. All finite- dimensional irreducible representations of H^(gi n ) must be of the form 
L(A) = M (A)/ {Ytl ejfr V +1 M(A) + JZi X ? M ( X )}> where v = (y u . . . , i/ n ) 6 N n , and A - i/' 
are dominant g\ n -weights for all Q<v' <v. 

Proof. Let L'(A) = Af (A)/ {e^ 1 e^ i+1+1 M(A) + E?=i sf'M(A)} be a quotient (not necessarily 
irreducible) of M(A) for some integers b\. Since any finite dimensional representation is a 
quotient of some L'(X) (for some sufficiently large &•), it suffices to show that the maximal 
proper submodule of L'(X) is of form Y,x l ^L'(X), in which case the irreducible representation 



5.1 



L'(A)/L'(A) is of the form described in Theorem 

Regard L'(\) as a representation of gi n . Since the decomposition of any positive weight of 
gl n into the sum of positive roots does not include weights of V, there exists a finite-dimensional 
irreducible g\ n submodule V\ c L'{\) that contains only the vectors generated by the action 
of gl n on the highest weight vector of L'(\). If we let 5^ = Sym fc (:ri, x%, x n ), then L'(\) 
decomposes as L'(X) = V\® (V\ ® Si) © (V\ ® S2) © •••• We can further decompose each V\ ® Si 
into irreducible modules of gl n ; once we do so, we find that L'(X) has a simple gl n spectrum. 
Note that V^<g>Si can be decomposed as V r At _ e * i ©V M _ e * 2 ©---©V r /J _ e * n for on = e* { (taking V^_ e * = {0} 
if yu — e*j is not dominant). We can thus associate each for \x = A - aie^ - ... - a n e* nn in the 
decomposition of L'(A) with a lattice point P M = (-01, -02, -a n ) e Z™ '. We draw a directed 
edge from P^ to P„/ if V^/ is in the decomposition of <8> S\ , and we call the P„/ smaller than 
the Pfj_. A key property of this graph is that any P^(g[ n )-submodule of L'(X) intersecting the 
module must necessarily contain and all V^i such that P^ is reachable from P M by a walk 
along directed edges. 

Now suppose that L'(\) has a proper maximal submodule L'^ (over i^(g[„)) with highest 
weight vector of weight \i associated with P^ = (-a%, . . . , -a n ) (we are not assuming, however, 
that this submodule is generated by v^). Then, because the quotient module L'(X)/L'' is finite 
dimensional and irreducible, it must have a lowest weight A from which all other points in the 
subgraph associated with L'(X)/L'^ can be reached by walking along reverse edges. Without 
loss of generality, suppose a\ and a 2 are nonzero. Then, consider the two points P^+e* and 
Pfj,+ e * 2 - Both points are larger than fj, and less than or equal to the origin P\, and so both 
points lie in the subgraph associated with L'(X)/L'^. However, since we can walk along reverse 
edges from the point corresponding to the lowest weight A to [i + e ix and \i + e| 2) we can also 
walk along reverse edges to fx, implying that A e L" a contradiction. We conclude that any 



maximum submodule of L'(X) must be of the form given in Theorem 5.1 



□ 



From the proof, we get a decomposition of L(X) into the sum of gl n modules V\> for all 
dominant gi n weights A' satisfying < A - A' < v, where v e N ra is some parameter depending on 
( and A (using notations from the proof, u - X - X + (1,1, . . . ,1)). By the results of Section [ij 
we find that v - (z/i, v<i, . . . , u n ), where each Vi is the smallest positive integer such that 

P(A)-P(A-(0,...,^,0,...,0)) = 0; 

i-th 

if the H^(gi n ) -module L(X) is finite dimensional, v necessarily exists. 
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[5,3,0] 



[5,3.-1] [4,3,0] 



[5.2,0] 



[5,3,-2] [4,3,-1] [3,3,0] [5,2,-1] [4,2,0] 



[5, 1,0] 



[4,3,-2] [3,3,-1] [5,2,-2] [4,2,-1] [3,2,0] [5,1,-1] [4,1,0] [5,0,0] 

[3,3,-2] [4,2,-2] [3,2,-1] [5,1,-2] [4,1,-1] [3,1,0] [5,0,-1] [4,0,0] 



[3,2,-2] 



[4,1,-2] [3,1,-1] [5,0,-2] [4,0,-1] [3,0,0] 




Figure 1: In this diagram, we use a graph to represent the three dimensional rectangular prism 
corresponding to a finite dimensional representation L((5,3,0)) of H^(gl 3 ), with the highest 
weight of each gl 3 module indicated. Notice that an arrow points from a module of weight fi to 
one of weight /x - e*j for some i. The rectangular nature of the representation is clear. 



The decomposition of L(X) as a Q\ n module provides the character formula for L{X) as the 
sum of the characters of the g[ n modules: 



y E^(-ir^ (V+p,) 



(*) 



where p' is half the sum of positive roots of Ql n . As in the classical theory, the character allows 
us to calculate the decomposition of finite dimensional representations into irreducible ones. 

Example 5.1. For ^(g[ 1 ), the irreducible finite dimensional representation L(X), for A e C, 
has character x\,( = EjXo eA ~ v > where v is some positive integer. If we describe i/^(g[ 1 ) as in 
Example |1.1[ we can easily calculate the Casimir element to be fe + g{h), where g satisfies the 
equation g(x)-g(x-l) = <j)(x). Then, v is the smallest positive integer such that g(X)-g(X-u) = 
0. 

For H^(q1 2 ), the irreducible finite dimensional representations are of the form L(X), with 
A = (A2 + m, A2) £ C 2 for some nonnegative integer m. The character of L(X) is of the form 



XA;C 



(0,0)<(i/J,^)<^ 



1 - e(-i.i) ' 
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for the minimal element i/eN 2 such that /i(A, 2/1) = P(A2 + m+ 1, A2) - P(\2 + m+ 1 -v\ y A2) = 
and /2(A, V2) = P{^2 +m + 1, A2) - P (A2 + m + 1, A2 - ^2) = 0. For instance, if £ = £o?"o with (q + 0, 
then fi and /2 are linear in v\ and z^, and so the only solution to the equations /i(A, u{) = 
and /2(A, 1/2) = is v\ = V2 = 0. Thus, H^ oro (gl 2 ) has no finite dimensional irreducible 
representations. If £ = (o^o + Cin with (1 + 0, P(A) = (o(Ai + l + A2) + Ci((Ai + l) 2 + (Ai + l)A2 + A2), 
so /i(A, v x ) = Cm + A 2 + 2Ai + 2 - 1/1) and / 2 (A, i/ 2 ) = Ci^2 + Ai + 1 + 2A 2 - u 2 ). Thus, 
L( A) is finite dimensional if and only if ^ + A2 + 2Ai + 2 and & + Ai + 2A2 + 1 are positive integers; 
moreover, since ^ + A2 + 2Ai + 2 = f ^ + Ai + 2A2 + 1^ + Ai + 1 - A2 and Ai + 1 - A2 is a positive 
integer, it suffices to show that ^ + Ai + 2A2 + 1 is a positive integer. 



Now, we will illustrate the decomposition of L(X) in the proof of Theorem 5.1 for clarity, 
we will work with 5(2 representations instead of q1 2 representations. Using the notations of the 
proof, Sk = S k (xi,x 2 ) = Vfc, where we used the fact that V* = V as SI2 representations. We then 
have, by the Clebsch- Gordon formula, 

V m ® Vfc = V m+ k © V m+ k- 2 © © Vm+k-2mm(k,m) • 

We can use the above formula to draw the graph, shown below, representing the decom- 
position of L((3,0)), with v = (1,4), into modules. This representation is the quotient of 
M (3, 0)/e| 1 M(3, 0) by the submodules represented by the red and blue areas of the diagram, 
and we can write L((3, 0)) = V3 © V4 © V5 © V% as 5X2 modules. 
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5.2 Existence of L(X) with given shape 

Theorem 5.2. For all Ql n -weights A and v e N n such that X-v' is dominant for all < v' < v, 

there exists a deformation (, such that the irreducible representation L(X) of H^(Qi n ) is finite 
dimensional and its character is given by (*). 

Proof. Let A' = A + p. We can write A^ = A^ + k{ for k\ > h,2 > ks > . . . > k n -i > k n = (we have 
strict inequalities because of the shift by p). Recall that P(A) = T, w mHm+x{X) for W{ defined 



as in Theorem 4.2 Let pi - (0, ... ,^,0, ... ,0). We will find u?j such that P(A') - P(A' ' - pi) = 0, 
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while for all < ^ < m, P(X') - P(X' - jtj) t 0. This implies that M(A') / Zi M(X' - m) is 
irreducible. 

We first define P m j = P(X') - P(X' - p) for n = (0, . . . , m, 0, . . . , 0) with the m at the j-th 
location. We must prove that there exist w such that P Vx \ - .. .- P VnTL = and P^i, ■ . . , Pu' n n * 
for all < v\ < fj. We can write P m j = Y,i>o w iR % m p where 

Rnij= E {x' n+ k 1 r--ix' n+ k j . 1 ) i ^{{x , n ^ 

h+...+i n =N+l 

Note that the condition P^j = determines a hyperplane U^j in the space (wo, wi, . . .) (Hkj 
might in fact be the entire space, but the following argument would be unaffacted). Hence, 
the intersection HIT,^ belongs to the union Uj,o<j/<j/, ^u'j if and only if it belongs to some 
11,/ \j. Thus, if we show that {P vi i, ■ ■ ■ , Pu n n, P^i} are linearly independent as functions of Wi, 
then there exist deformations w that belong to all the hyperplanes but not to H,/i for all 
1 < I < n and < v\ < v% . This condition of linear independence is satisfied if 



^°ll 

^22 


R l 2 2 ■ 


■ 

nn 
' K u 2 2 


nO 

^ 'v n n 


nl 

K[i ■ 


r>n 
• R u[l) 



Now we shall prove that using column transformations, we can reduce the above matrix to 
its evaluation at A^ = 0. We proceed by induction on the column number. The elements of the 
first column, R^j, are of degree zero with respect to A^, so = i?^ -(0). Suppose that using 
column transformations, all columns before column p are reduced to their constant terms. Now, 
we note that 



dXL 



A £ (K, + h) h -«x' n + k 3 T - (x' n + kj - n,y 

OA n \ii+...+j„=p+l / 

£ (n + * 2 + . . . + i n + «)(a; + fcir-((A; + hrf* - (a; + ^ - „o' )-a;;- 

-ii+...+i„=p 



(p + n)R' 



, P -i 
mj " 



Thus, we see that R v m - - R p m -{Q) ia a linear combination of i?^J(0), the entries of the other 



columns: 



R p • 



1 • 



(p + n)-(p + n-i + 1) ,j 



A'=0 



2! 



By selecting pivots of ( p ^ n )A^, we can eliminate every term except i?^ ■(()). By repeating this 
step, we reduce the matrix to its evaluation at A^ = 0: 



/<x(V) <i(A') 
^ 22 (A') 



det 



< 2 (A') 



^SLn(A') ^i„n(A') 

K'*(A') ^(A') 



- ^i(A')^ 


/ 


- K 2 2(A') 






= det 






- K,(A')J 


\ 



<i(0) <,(0) 



^i(0)\ 

^"22(0) 



^i(0) 
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Let us now rewrite i?^(0): 



N 



<(0) = £ k^-kp^k)? - (kj - m)' )k'r:-k:; = Y,H' N -i {kf 1 - (kj - mY +1 ) 

i 1 + ...+i n =N+l i=0 
N N 

E (fe? 1 - - - kj(k) - (kj - m) 1 )) = E H N .i (m(kj - m) 1 ) 



i=0 



i=0 



where Hjv-i = 
equality is because H' N _ 
reduced further to 



k-i 1- "k r 



and H' N _ 



.+ii+...+i r 



=N-'. 



The third 



- kjHw^ 



-i. It is now easy to see that the determinant can be 





<v x v\(k\ 


-vi) ■ 








(1 


h 


- V\ ■ 


■ (h- 






V2 V2{k,2 


- v-i) ■ 


■ V 2 {k2 


-V-lY 




1 


k 2 


- V2 ■ 


■ (k 2 - 


V2Y 


det 










= v\V2---v n v[ det 














v n v n ( k n 


- V n ) ■ 


v n ( k n 






1 


u 

"71 


- v n ■ 


\k n — 






\v[ u[(h 




■ v&h 


- v\Y ) 






A;, 




■ (k- 


v\Y ) 



which equals v\ . . . v n v[ Yl^iih - ki + V{ - u[) Yli<i<j< n (kj - ki + Ui - Uj) by the Vandermonde 
determinant formula. Now, recall the condition that A - v is dominant integral, or \' n + ki~Vi > 
Ki + kj ~ u j f° r * < 3 ( we have strict inequality because A' is the weight shifted by p). Thus, 
rii<i<j<n(^j ~ ki + i>i - v.j) is nonzero. Also, since A - fi is dominant for all < fi < u, if we let 
\x = (i/i, U2, ■ ■ ■ , v[, ■ ■ ■ , v n ), then we see that \' n + k, L - ui + A^ 4- k\ - v[. Thus, the dominance 
of A - v' for < v' < v ensures the determinant is nonzero, and so {P Ul ,x, ■ ■ ■ , Pu n ,m Pj/,l} are 
linearly independent as desired. □ 



6 Poisson Infinitesimal Cherednik Algebras 

Now we will introduce a new way to study infinitesimal Cherednik algebras by using Poisson 
analogues. The Poisson infinitesimal Cherednik algebras are as natural as H^(gl n ), and their 
theory goes along the same lines with some simplifications. Although these algebras have not 
been defined before in the literature, the authors of [EGG] were aware of them, and technical 
calculations with these algebras are similar to those made in [T] . Using the Poisson infinitesimal 
Cherednik algebra, we will get a new proof of Theorem |4,1[ which provides the formula for the 
Casimir element. 

Let C be a deformation parameter, £ : V xV* -> S(gl n ). The Poisson infinitesimal Cherednik 
algebra H'^(gl n ) is defined to be the algebra Sgl n « S(V ffi V*) with a bracket defined on the 
generators by: 

{a, b} = [a, b] for a, b e gi n 
{g, v} = g(v) for g e 5 l n , v e V © V* 
{y, y'} = {x, x'} = for y, y e V, x, x e V* 
{y, x} = ((y , x) for y e V, x £ V* . 

This bracket extends to a Poisson bracket on ^(g[ n ) if and only if the Jacobi identity {{x, y},z}+ 
{{y, z},x} + {{z,x},y} = holds for any x,y,z e gl n tx (V ® V*). As can be verified by doing 
analogous computations as in [EGG], the pairings £ satisfying the PBW property are given by 
C - T,j=o Cj r j where (j e C and rj is the coefficient of r J in the expansion of (x, (l-TAy l y) det(l- 
tA)~ 1 . Actually, we can consider the specialized infinitesimal Cherednik algebra as a quantiza- 
tion of H' c (gl n ). 
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Remark 6.1 (Due to Pavel Etingof). Note that 

dtv(S l+1 A) 



this follows from 



deij 



when B - yi® Xj. In fact, if {yi,Xj} = Fij(A), the Jacobi identity implies that Fij(A) = |^ 
for some GL(n) invariant function F, and that A 2 Da(F) = 0, where Da is the matrix with 
(Da)^ = gf-- One can then show that the only GL(n) invariant functions F satisfying this 

partial differential equation are linear combinations of tr(S l A). 

Our main goal is to compute the Poisson center of the algebra H'^(gl n ). As before, we set 
fik as the coefficient of {-t) k in the expansion of det(l - tA) and = x i{Pk,Vi}- It follows 
from [T] that r fe e 3PoisCHo(flO)- 

Theorem 6.1. The Poisson center 3p is(^(flln)) = C[ti + c±, ti + C2, . . . , T n + c n ], where (-1)*q 
is i/je coefficient off in the series 

U\ t> ri -ixdct(l-M) 1 dz 

c(t) = Res z=0 ((z )— — — — — . 

det(l - zA) 1-t L z z 

Proof. Because tk lies in the center of Ho(gl n ), Tk e 3Pois(^o(fl^n))- All Poisson-central elements 
of Hq(qI h ) belong to C[ri, . . . ,r n ] because of the structure of the coadjoint action of the Lie 
group corresponding to the Lie algebra gl n x (V © V*) (for a detailed explanation, refer to the 
proof of Theorem 2 in [T] ) . 

We wish to prove that the Poisson center of H' Q {Q\ n ) can be lifted to the Poisson center 
of -ff£(gl„), with Tk being lifted to Tk + Ck- In [T], this was done using methods of homolog- 
ical algebra for noncommutative infinitesimal Cherednik algebras, but the proof did not yield 
formulas for c&. We will take a more direct approach by deriving a formula for c&. Since 
Tk e 3Pois(#o(fll n ))' T k + Ck Poisson-commutes with elements of S(gl n ) for any c k e 3Pois(-S , (0l n )). 
We can define an anti-involution on i?^(gl ra ) that acts on basis elements by taking e%j to ej% and 
Hi to Xi . By using the arguments explained in the proof of Theorem 2 in [T] , we can show that Tk 
is fixed by this anti-involution, while Ck is also fixed since it lies in Jpois^Cfltn))- Applying this 
anti-involution, we see that if Tk + Ck commutes with elements of V, then Tk + Ck also commutes 
with elements of V* . Thus, it suffices to find Ck such that {r^ + Ck,y} = for all y e V. 

First, notice that if g e S(gl n ), then {g,y} = Z?,j=i ^-{ e y>2/}- Second, notice that {{(3k,Vi},y} 
(see the proof of Lemma 2.1 in [T]), so that 



{n,y} = \Y, x i{Pk,yi},y\ = £{a*, = -W Res *=oC(^ 1 ) tT ^ x *^ 1 zA ^ ^ dz 

{£[ J ti ti\ zdet(l-zA) 



{Pk,Vi}- 



Thus, we have 



{Tk + c k ,y}= Y, |^{ e ii 5 y}-Ef Re ^=oC(^ i) tr ( x '^ ZA \^ dz) {fa, Vi}- 
We get a system of partial differential equations for 

£^ K,y} = Sl Z=0C{Z ) zdet(l-zA) dz j^^- 
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Multiplying both sides by (-t) k and summing over k = 1, . . . , n, we obtain an equivalent single 
equation 

ij^i ae u zdet(l-2A) / 

where c(t) = T,k=i c k(~t) k is the generating function for the c&. 

Since all terms above are GL(n) invariant and diagonalizable matrices are dense in g[ n , we 
can set A as a diagonal matrix, A = diag(ai, . . . , a n ). Furthermore, we substitute y = yi. Using 
this simplification, we obtain 

isr» " ( Res "° ,(i-^) ( £(i-«A) *) <**o ~ tA ^ 

/ Qiz- 1 ) , \ 0det(l-£A) 

= Rcs ^=o -Zi \T77i J\ dz a f 

\ z(l - za^) det(l - zA) / aa; 

/ ((V 1 ) , \ tdet(l-L4) 

- - Res z - 7 rrd-z — 

\ * u «(l-za,)det(l-zA) / 1- 

) ( _ u det(l -tA) 1 dz\ 



tai 



_d_ 
da. 



providing the formula for Cj. □ 
Example 6.1. By taking the coefficient of t in the above formula, we get 

Cl = f;atrs i+1 A 

i=0 

where C(«) = Co + ■ • • + CkZ k - 

Remark 6.2. Another way of writing the formula for c& is 

dz 

c k = Res z=0 ((z- 1 )F k (z) — , 



z 



where F k (z) - Y. z m y m ,k(A) and y m ,k(A) = % (m, 1, . . . , 1), the character of an irreducible gl n 

v ' 

k 

module corresponding to a hook Young diagram. This rewriting of the formula gives better 
insight for the quantization construction. 



7 Passing from Commutative to Noncommutative Algebras 

Note that {g, y} e S(gl n )®V for g e S($l n ) and y e V; we can thus identify {g, y} = £™ =1 hi®yi£ 
witn tne element ZZi Sym(hi)yi e # c (f|l n ). 



Lemma 7.1. 



[^ i ^]=(E^f , :; l )"s i,i -'A»l 
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Proof. It is enough to consider the case y - y\. Recall thattrS fe+1 (^) can be written as a sum of 
degree fc+1 monomials of form ei jil -ei )isi e 2 ,i sl+1 -e2,i sl+S2 -e n)isi+ ... +Sn where si+—+s n = k+l and 
the sequence is a permutation of the sequence of s\ ones, s 2 twos, and so forth; for conciseness, 
we will denote the above monomial by e\,i 1 ---e n ,i k+1 ■ The only terms of trS k+1 A that contribute 
to [tr S k+1 A, yi ] and to {tr S k+1 A, y±} have s± > 1. Since to compute [tr S fc+1 ^4, yi] we first 
symmetrize trS k+1 A, we will compute [Sym(ei,i 1 ---e„ i i fc+1 ),yi] - {Sym(ei i i 1 ---e„ i i fe+1 ),yi}. For 
both the Lie bracket and the Poisson bracket, we use Leibniz's rule to compute the bracket, but 
whereas in the Poisson case we can transfer the resulting elements of V to the right since the 
Poisson algebra is commutative, in the Lie case when we do so extra terms appear. 

Consider a typical term that may appear after we use Leibniz's rule to compute [tr S k+1 A, y{\ : 

'Vjo ' ' ' e jljo ' ' ' e ]23l ' ' ' e 3N3N-l 

When we move y JO to the right, we get, besides ■■■ej 1 j ---ej 2 j 1 ---ej N j N _ 1 ---yj , additional residual 

terms like — e hh"' e 3N3N-\'"Vh anc ^ "' e i3i2"' e jjvjjv-i"'2/j2> U P to (-l) N ---yj N . Without loss of 
generality, we can consider only the last expression, since the others will appear in the smaller 
chains 



"■Vjo 
and 

'Vjo ' ' ' e jijo ' ' ' e hh ' ' ' e hh ' ' ' e 3N3N-i 

and so forth with the same coefficients. For notation, we let z\ denote the coefficient of yj N 
in the residual term, i.e., the term represented by the ellipsis: (-1)^ ■•• Vj N - Then, z\yj N is a 
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term in the expression (-1) N {z\ej N \,yi}, which appears in (-1) N {tr S k+1 ~ N A, y±}. Thus, we 
can write 



ffc+i ] 
[trS k+1 A, yi ] = Y. (-l) N C N tvS k+1 - N A, yi 

(N=0 ) 



for some coefficients Cn- 

Next, we compute Cn. We first count how many times z\yj N appears in {tr S k+1 ~ N A, y\}. 
Notice that since z\ is the product oik-N ej^s, we can insert ej N i in k-N+1 places to obtain 
Z2 such that {^2,2/1} contains z\yj N . 

Now we compute the coefficient of Z2 in tr S k+1 ~ N A. As noted before, tr S k+1 ~ N (A) can be 
written as a sum of deg ree k + 1 — N monomials of form ei ) i 1 ---ei ) j si e2,j Sl+1 "'e2,j sl+S2 "•e n ,j fe+1 _ Jv . 
Any term that is a permutation of those k + 1 - N unit matrices will appear in the sym- 
metrization of tr S k+1 ~ N A. We count the number of sequences ii, ■ ■ ■ ,ik+i-N such that Z2 is 
the product of the elements ei^, . . . , e n> i k+1 _ N (in some order); this tells us the multiplicity of 
Z2 in the symmetrization of tr S k+l ~ N A. Suppose Z2 = e\^---e n ^ k+1 _ N for a certain sequence 
h,...,i k+1 - N . Then, z 2 = e i,i\- e n,i' k+1 _ N if and only if i' Si+ ... +Sj . . . , i' Sl+ ... +Sj is a permutation 
of i„ +...+ s ■ _!+i, • • • , i sl +...+ s ■ for all j. Thus, z 2 appears si\s2^"S n ! times in trS k+1 ~ N A. Since 
each term has coefficient ( fc _^ +1 ); in the symmetrization, Z2 appears with coefficient 

si!s 2 !— s n ! 



(fc-iV+l)! 



in the symmetrization of trS' fe+1 ^^4. In conjunction with the previous paragraph, we see that 
ziVj N appears 

si!s 2 !-s n ! si!s 2 !-s„! 
(k-N + l)l x(k - N + 1) = -(k^W 
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times in {tr S k+1 ~ N A, y x }. 

It remains to calculate how many times z\yj N appears in [trS k+1 A,yi]. Recall that Z\ is 
obtained from a term like: 

' e ioi' " e ji jo ' ' ' e hh ' ' ' e 3N3N-i 
where the ordered union of the ellipsis equals z\. Thus, z\ comes from terms of the following 
form: we choose arbitrary numbers jo, . . . , jjv-i, and insert ej i,ej 1 j , ■ ■ ■ e j N jx-i z i- There 
are 

(k + l)(k)-(k+l-N) 
(JV+1)! 

ways for this choice for any fixed jo, . . . , jjv-i- Any such term Z3 appears in trS k+1 A with 
coefficient 



+ 1)! 

where s', is the total number en's (for some i) in z$, i.e., s; + number of jj's with ji = I, < i < N . 
Combining the results of the last two paragraphs, we see that {trS ,fe+1-iV yl,yi} must appear 



with coefficient 



(k+l)(k)-(k + l-N) ^ s'A-s'JA I Sl \s 2 \-s n \ 1 



(iV+T)! ^ (fc + 1)! / / (fc-JV)! " (iV+T)!^^ 



6 n- 



where the summation is over all length- iV sequences {ji} of integers from 1 to n. We claim that 



Sll-S n \ 



(k + n)- ■ -(k + n - N + 1) . 



To see this, notice that ^ s }' s ?' is the coefficient of t N in the expression 

^1 .'"Sn- 



The above generating function equals Nl n™=i(l ~ = Nl(l - t)-( k+1 ~ N+n ) , and the coef- 

ficient of t N in this expression is (k + n)---(k + n - N + 1). 

Finally, we arrive at the simplified coefficient of {tr S k+1 ~ N A, yi}: 

1 ^ s'A-s'J _ (k + n)-jk + n-N +1) 
N ~ (N + l)\ ^ Sl \ S2 \- Sn l ~ (jV + 1)! ' 

as desired. □ 



Now we will give an alternative proof of Theorem 4.1 



Proof. Let /(z) be the polynomial satisfying f(z)-f(z-l) = d n (z n ((z)) and g{z) = z 1 ~ n -^ =x f{z) 
(in the expression for g(z), we discard any negative powers of z). Note that if g(z) = gk+\z k+1 + 
... + giz, 

gjz , 

j=i i= 

so 



fc-i+i 1 /j + n + i\ , 

0-i = L 7- (-1) 

jto J + « + n\ z + l / 
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Lemma 7.1 allows us to write 



E gjtrS 3 A,y 

3=1 



= I E E — ( j - + ?) ( - 1 tr ^4 y f 

ffc+ife-j+i x (j + i + n \, iXi , . I 

= |EG-ltrSM,yJ. 



Hence, 



fe+i 



i=l i=\ [j=l 





"fc+1 


)- 


E 9jteS 3 A,y 




J =1 



where the third equality follows from the fact that t\ + Sj=i Cj'-i tiS 3 A is Poisson-central in 



H'jQl n ) (see Example 6.1). Thus, we get t\ =t\ + C , where 



fc+i 



C = E 9jtrS j A = Res 2=0 c/^ 1 ) det(l - «A) -1 z _1 d*. 



□ 



We expect a similar approach to work for determining the other central elements of H^(Qi n ). 



8 Cherednik Algebras of sp 2n 



Let V be the standard 2n-dimensional representation of sp 2n with symplectic form u, and let 
U(sp 2n ) be an sp 2n -invariant bilinear form. The infinitesimal Cherednik algebra 
H(( 5 P2n) i s defined as the quotient of U(sp 2n ) * T(V) by the relation [x,y] = ((x,y) for all 
x, y e V, such that H^(sp 2n ) satisfies the PBW property. In [EGG], it was shown that H^(sp 2n ) 
satisfies the PBW property if and only if £ = Ej=o C2j^2j where rj is the coefficient of z 3 in the 
expansion of 

u(x, (1 - 2 2 A 2 ) _1 y) det(l - zA)~ x = r (x,y) + r 2 (x,y)z 2 + 

Note that since A e sp 2n , the expansion det(l - zA)^ 1 only contains even powers of z. There 
is an isomorphism between H^ oro (sp 2n ) for nonzero Co an d U(sp 2n ) x A n , where A n is the n-th 
Weyl algebra (see [EGG]); thus, we can regard H^(sp 2n ) as a deformation of U(sp 2n ) x A n . 

Remark 8.1. It would be desirable to develop the representation theory of H^(sp 2n ) analogously 
to how we developed the theory for but while i/^(gt„) has a natural triangular de- 

composition (with V assigned positive weights and V* assigned negative weights), there is no 
natural way to assign elements of V positive or negative weights for H^(sp 2n ) when n > 1. The 
reason is that the set of positive elements A + of H^(sp 2n ) form a subalgebra, and for linearly 
independent v±,V2 e A + n V (which could be found if n > 1), [i>i,i»2] lies in U(sp 2n ) but not 
U(sp 2n ) + , contradicting the fact that A + is a subalgebra. Thus, a reasonable category O cannot 
be defined for H^(sp 2n ), and so a different approach must be taken to study the representations 
of H^(sp 2n ). Another way to see that O cannot be defined reasonably is the fact that H^(Ql n ) 
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is a deformation of U(sl n+ i), which has a category O, whereas H^(sp 2n ) i s a deformation of 
U(sp 2n ) x A n , which does not have a reasonable category O. Note however that when n = 1 the 
above arguments are not valid, and a corresponding theory of the category O of H' ( .(sp 2n ) has 
been elaborated in [KTl. 



Choose a basis Vj of V, so that 



uj(x,y) = x Jy, 



with 



/ 1 



J = 



-10 




0-10 





1 





V o o o o 



0\ 





1 
-1 0/ 



As before, we study the noncommutative infinitesimal Cherednik algebra H^(sp 2n ) by consid- 
ering its Poisson analogue H'^(sp 2n ). We define Yh=\ Pi 2 ? 1 = det(l - zA) and 



2n 



3=1 



where v* denotes the element of V that satisfies u(vi,v*) = Sij. Note that 

x i = -f i (3 j co(A 2i - 1 -^v,v), 

3=0 

(where (3$ = 1) so Tj is sp 2ra ~i n variant and independent of the choice of basis for V. 
Proposition 8.1. The Poisson center of H' G {sp2 n ) is C[ti, . . . ,T n ]. 

Proof. We will follow a similar approach as in the proof of Theorem 2.1 in [T]. Let L be the 
Lie algebra sp 2n « V and S be the Lie group of L. We need to verify that C[ti,...,t„] = 
3Pois(-f^o( s P2n)); w hh the latter being identified with C[L*] S . Let M be the 2n-dimensional 
subspace of L containing all elements of the form 

/0 |/i2 ••• \ / \ 

?/2i '•• '•• : : o 

'•• 2/2n-3,2n-2 ! 

y 2 n-2,2„-3 ' 

- y 2n -i,2n 

l\ - / \y 2n /) 

where all the y's belong to C. In what follows, we identify L* and L via the non-degenerate 
pairing, so that the coadjoint action of S is on L. We use the following two facts proved in [K]: 
first, that the orbit of M under the coadjoint action of S on L* is dense in L*; and second, that 
C[Lf £C[/ lr ..,/ n ], where 



fi(y) = CTi-l(j/2,iyi,2, 2/3,23/2,3, • • ■ ,y2n-2,2n-3V2 



n-3,2n 



\ 2 
-2)y2n-l,2ny 2 r. 



and Uj is the j-th elementary symmetric function. It is straightforward to see that Tj| M = fi, 
and so C[L*] S s C[ti, . . . ,T n ] as desired. □ 
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Theorem 8.1. The Poisson center 3p ; s (^(sp 2n )) = C[ti + c±,X2 + C2, . . . ,T n + c^\, where 
(— 1) Cj is the coefficient oft 21 in the series 

Proof. We first note that q e 3Pois(S'(sp 2n )). Since {t^ + Cj,g} = for any g e 5(sp 2n ), we just 
need to find c, satisfying {Tj + Cj, u } = for all v e V. By the Jacobi rule, 



{T i ,«} = (-ir i E{A,^K^^}+(-ir 1 E{{A,^}^K. 



Thus, 

o = {t, + Cl ,v} = E{/w^;m + (-ir 1 E{{A» u i}' u K + te> w >- C 1 ) 

3 3 

In the case of H'^(gi n ), T,j{{Pi,yj},y}xj = by straightforward application of properties of the 
determinant; however, for i?£(sp 2n ), T,j{{Pi) v j}i v } v j * 0- To calculate this sum, let B be a 
basis for sp 2n (the basis elements are given in Appendix A. 4, but for the purposes of this section, 
the specific elements are not needed). Write 

E{{ft>«#}>«K = e{e §^ e (^)> u } u j = E(E ^{ e ( u i)' u K + {^^} e ( u i) v j)- 



jr j VeefJ J j \eeB 

Lemma 8.1. 

2 £ { a 

The proof of this Lemma is given in the Appendix. 

9ft 



eei1U^>;=o. 



Using the fact that £j{{A, t> j}, = T,j T,eeB ~g^{ e ( v j)i v } v j i we can restrict (1) to di- 
agonal matrices, which are spanned by elements e$ = diag(0, . . . , 1, -1, 0, . . . , 0) with 1 at the 
2i - 1-th coordinate. We get: 

o = (-ir 1 e E l^{e*, + (-ir 1 e (^Wi,^* + ^ + e P-i* 

j k CCfc V uek uek I Cefc 

= 2(-l)' _1 E ^•(V2Jfe-l{'W2Jfe,«}+V2Jfc{v2fc-l ) w}) + E Pi e k,v}. 

k de k k de k 

Multiplying by (-l) i_1 i 2i and summing over % for i = 1, . . . , n, we get 

^ <9det(l -L4) , , , ,x ^dc(t) 

Now, we can alternatively set v - V2 S -i and v - V2 S to get 

— , ddet(l-M), , , dc(t) 

= 2 2_, T. {V2k~l{V2k,V2s-l} + V2k\V2k-l,V2s-l}) + «2s-l 

and 

^ <9det(l-L4). . , dc(t) 

= 2 2^ {V2k~l\V2k,V2s} + V 2 k{V2k-l,V2s}) ~ ~Z V 2s - 

k & e k Oe s 
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These last two formulas both reduce to 

dc(t) 0det(l-L4) r 

We now recall that 

{v 2 s,V2s-i} = Res 2=0 C(^ _1 )^(w2 S , (1 - z 2 A 2 y 1 v 2s -i) det(l - zA)~ 1 z~ 1 dz 



■Res 2= oC(-z 1 )~ — \-^det(l -zA) 1 z 1 dz, 
1 - z A c 



so integrating, we get 



/ ,\ 0R r( _i, det(l-M) z 1 
c(t) = 2Res z=0 C(. ) det(1 _^ )1 _^- 2 ^- 

□ 

We now briefly consider the center of H^(sp 2n ). Let 

i=i 

where (5i e £/(sp 2n ) is the symmetrization of the coefficient of z 2% in the series YJl=\ fiiz 2t = 
det(l - zA). Clearly, ti is independent of the choice of basis {vj}, and it is straightforward to 
see that it is sp 2 „-invariant. 

Conjecture 8.1. For any deformation C, there exist a e d(U(5p 2n )) that are unique up to a 
constant, such that }(H^(sp 2n )) - C[t± + ci, . . . ,t n + c n ]. 



9 Harish-Chandra Map 

Recall that the Harish-Chandra map is defined as HC : C" C n , with HC{\) = (t[(\),t' 2 (\), ...,t 
The -ffC-map is of degree (m + l)(m + 2)---(m + n), where m is the largest index with £ TO + 0. In 
this section, we will examine the fibers of the HC-map. We will always shift A by p to simplify 
the formulas. 



9.1 I 2 

We first consider the case of H^(q1 2 ) with ( = woSq+wiSi-\ — vw m s m . We know that ^(A) = -Pi (A) 
and t' 2 (A) = P 2 (A) as defined in Section 



3.3 



Note that a ■ A = (Ai,A 2 ) i-> (A 2 ,Ai) preserves both i^(A) and i 2 (A) by symmetry. Suppose 
Pi(A 1; A 2 ) = Pi(A!,A 2 ). Since P 2 (A) - ^Pi(A) + AiPi(A) — X!o<«<m a «Aj +2 , a transformation 
(Ai,A 2 ) -> (Ai,A' 2 ) that fixes Pi will also fix P 2 . The polynomial Pi(Ai,A 2 ) -Pi(Ai,A 2 ) = is 
of degree m + 1 in A 2 , and for generic A, it has m+ 1 pairwise distinct roots. We let r be the 
multivalued transformation taking (Ai, A 2 ) to any (Ai,A 2 ) with Pi(Ai,A 2 ) = Pi(Ai, A 2 ). 

Proposition 9.1. The fiber of HC over fx - HC{\) for a generic A can be written as the 
disjoint union 

{t\} u {tcttX}. 



24 



Proof. It is straightforward to check that both sets are disjoint and that the elements in both 
sets are pairwise distinct for generic A. Moreover, since |{tA}| -m+1 and |{t<ttA}| = (m + l) 2 , 
|{rA} u {ro"rA}| = (m + l)(m + 2) = degHC, so in fact, we have found all points in the fiber over 
H = HC(X). □ 



9.2 d l n 

Although we do not yet know the formulas for tj, we know their highest terms from Section [6j 
and so we can consider the highest term Qi(X) of their action on a Verma module M{X - p). 
Let the deformation £ be of degree m with the leading coefficient equal to 1. Then, it follows 



from Theorem 6.1 that Qi(\) is the coefficient of t l z m in 

(i-tAi)-(i-a n ) i 



(l-zAi)---(l-zA n ) l-t~ l z 
Proposition 9.2. For any 1 < k < n and deformation £ = r m + Cj-i r j-i + ••• + Co r o> 

Ar x Qi - x n k - 2 Q 2 + ... + i-ir-'xiQn = xr n . 

Proof. Let o~j and i/j be given by the following two equations: 

n n 

n(i-A,t)=E(-i) j v 

3=1 3=0 
n oo 

J'=l 3=0 

We shall prove this proposition for Ai as the statement is totally symmetric in k. 

We have Qi(X) = £™ = j(-l) i+J '° jH m +i-j ■ This proposition is equivalent to the equation 

Xl 1 {a 1 H m - o 2 PL m - X + •••) + X\ 2 {-a 2 H m + •••) + - = A™ 

Now, notice that 

(-l) l - 1 X- 1 l (a l H m -a l+1 H m _ l + -)= £ C,(di, • ■ . , d n )X^ -A*' 

(fl-l hd n =m, 

di>-l,d2,...,d n >0 

where 

c,(di, • .. A) = E(-i) w+1 K(ji < i 2 < - < j M )\ d jL > -is ld yt}\ 

i=0 

Thus, the proposition reduces to showing that 

Ci(di, . . . ,d n ) + C 2 (di, . . . ,d n ) + - + C n (di, . . . ,dn) = 

for all (dx,...,d n ) * (m,0...,0) and Ci(m, 0, . . . , 0) + C 2 (m, 0, . . . ,0) + - + C n (m, 0, . . . ,0) = 1. 
This can be done using counting arguments. □ 

Define R(t) e C(Qi, . . . , Q n )[t] as 

R(t) = t n+m - t n ~ l Qt + t n - 2 Q 2 -■■■ + (-l) n Q n . 



Proposition 9.2 states that Xj is a root of R(t) for all j. We naturally consider the field extension 
K c L, with if = C(Qi, . . . , Q n ) and L - C(Ai, . . . , A n ), where we treat Qi, . . . , Q n as formal 
variables. 
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Theorem 9.1. Let L be the splitting field of R{t) e if[t], so that we have a tower of fields 
K c L c L. Then, Gal(L : K) = S n+m for n>2, and Gal(Z : K) = Z/(m + 1)Z /or n = 1. 

Corollary 9.1. If n> 1, i/ie subgroup of Gal(L : X) i/iat fixes L is S m . If n - 1, the stabilizer 
of L is trivial, so L - L. 

Thus, a generic fiber will contain points, and we should be able to decompose this 

fiber similarly as in the case of g[ 2 . 

Proof. If n = 1, we get R(t) = t m+1 - Q ± = 0, and so Gal(L : K) s Z/(m + 1)Z. Now, suppose 
n > 2. Let us specialize Q± = Q 2 = ••■ - Q n ~2 - and set a - (-l) n Q n -i and & = (-l) n+1 Q n - 
Then, R(t) specializes to t n+rn - at - b, whose splitting field over C(a, b) is well known to have 
Galois group S m+n . The statement that the Galois group in the specialized case is S n+m is 
equivalent to the assertion that 

{z^zf-z^ml <vi<n + m,0<v 2 <n + m-l,...,0< v n+m < 1}, 

where {zi} are the roots of R(t), are linearly independent over C(Q n -i,Qn) after specialization. 
Label the elements of the above set by 7. If 

ai7i + ••• + am = 0,«i e C[Qi, . . . ,Q n ] 

in the unspecialized case, we can divide by the largest factor of Q\ that divides all «j and 
specialize Qi = 0, and then repeat this process for Q2, . ■ . ,Q n -2, to obtain, in the end, a linear 
combination with non-zero coefficients from C(Q n -i,Qn) that equals zero, contradicting the 
above result. Thus, the Galois group in the unspecialized case must also be S n+m . □ 

Now, we will prove an analogous theorem for ^(sp 2n )- Though we do not yet know the 
existence of q for H^(5p 2n ), we can consider the highest term of q computed in Section [8] and 
label by Qi the evaluation of Cj at the diagonal matrix diag(Ai, -Ai, . . . , A n , -A n ). We define 
HC:C n ^ C n by HC{\) = (Qi(A), Q 2 (A), . . . , Q n {\)). 

Let R(t) = t 2n+2m - \t 2n - 2 + ^t 2n - 4 - ••• + {-l) n ^. 
Proposition 9.3. R(±Xk) = for all 1 < k < n. 

Because the formula for the top term of Cj in the sp 2n case is very similar to the formula 
in the g[ n case, the proof of this proposition follows exactly the same lines as the proof of 



Proposition 9.2 



As before, define L = C(Ai, . . . , A n ) and K = C(Qi, . . . , Q n ). 

Theorem 9.2. Let L be the splitting field of R{t) e K^i], so that we have a tower of fields 
KcLcL. Then, Gal(L : K) * S n+m « (Z/2Z) n+m for n>2, and Gal(L : K) s Z/(2m + 2)Z for 
n = 1. 

Corollary 9.2. T/ie subgroup o/Gal(L : -fT) i/iaf /ixes L is S m K (Z/2Z) m /or n > 1 and trivial 
for n = 1 . 

Proo/. When n = 1, P(t) = t 2m+2 - so Gal(L : if) = Z/(2m + 2)Z. 

Now assume n > 1. Label the roots of P(t) by 71, 72, • • • , 72m+2n- If 7 is a root of R(t), 
then -7 is also a root, so without loss of generality, assume 7 2 j = -724-1- Let N = (Z/2Z) n+m 
be the subgroup of Gal(L : K) consisting of automorphisms that send each 7, to ±7j. Then, 
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L N = if (72, 74 • ■ • , 7 2m+2n )> which is the splitting field of t r 



H"- 1 + %t n " 2 



• + (-!)»! 



of Theorem 
Gal(L : if) ; 



9.1 



Thus, N is a no rmal subgroup of Gal(L : K). Using the same reasoning underlying the proof 
the Galois group of L N over K is isomorphic to S m+n . Now, it is clear that 
m x (Z/2Z) n+m . 

□ 



Sn 



Thus, for fj, = HC(X), the HC fiber HC can be noncanonically identified with (S n+m x 
(Z/2Z) n+m )/(5 m k (Z/2Z) m ) for n > 1 and with Z/(2m + 2)Z for n = 1. 



10 Kostant's Theorem 



Recall Kostant's theorem in the classical case ([BL]): 

Theorem. Let g be a reductive Lie algebra with adjoint-type Lie group G, and let J be the ideal 
in C[0*] generated by the homogeneous elements ofC[g*] G of positive degree. Then, 

1. U(g) is a free module over its center $(U(g)) ; 

2. the subscheme of q defined by J is a normal reduced irreducible subvariety that corresponds 
to the set of nilpotent elements in q. 



In [T2], Kostant's theorem was generalized to H^(gl n ). In this section, we will prove 
Kostant's theorem for H^(sp 2n ) assuming Conjecture 8.1 i(H^(sp 2n )) = + ci, . . . ,t n + c n ]. 

Introduce a filtration on H^(sp 2n ) with deg^ = 1 for all g e sp 2n and degv = m+ \ for all 
v 6 V. Let 



B m = S(Vesp 2n )/\Y,{Pi,v j }v] + cl 



top,m 



l<j<n 



where c* op,m are the generators of the Poisson-center given in Theorem 8.1 if Conjecture 
true, c* op ' m is also the highest term of Cj. 



5.1 



IS 



Theorem 10.1. 1. Assuming that Conjecture 8.1 is true, HAsp2 n ) is a free module over its 
center. 



2. B m is a normal complete-intersection integral domain. 



Proof. Introduce a filtration on B m with degg = 1 for g e sp 2n an< i degv = for v e V. Define 

i<i<n- We know that if^(sp 2 n) i s f ree over its center 
if S(V ©sp 2n ) is free over C[Y,j{f3\,Vj}v* + c^ op ' m , . . . , Y.j{Pn, Vj}v* +c^ op,m ], which follows from 
the assertion that S(V ©sp 2n ) is free over C[c^ op ' m , . . . ,Cn° p ' m ]. 

From the formulas for c,, we see that C[Ai, . . . , X n ] is a free and finite module over C[grci, . . . , gr c„], 
so Cff)] 1 ^ is finite and free over C[ci, . . . ,c n ]. Since <S*(sp 2n ) is free over C[h] by the classical 
Kostant's theorem, we conclude that S(sp 2n ), and hence S(sp 2n )®SV, is free over C[c±, . . . , c n ]. 

To show that B m is a normal integral domain, it suffices to show that the smooth locus of 
the zero set of ^,t 2 , ■ ■ ■ ,t' n has codimension 2 and is irreducible. Let Z = Spec(B m ) be a closed 
subscheme of V © sp 2n defined by gr t\ = 0, and let 

U := Z\Z sm = {(v, A) e V © 5p 2n \(v, A) 6 Z and rank( Jac) < n}, 
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where Jac is the Jacobi matrix of t^t^, ■ ■ ■ ,t' n at (v,A) with respect to some basis of V and 
sp 2n . We need to show that U is a codimension 2 subvariety of Z and that Z is irreducible. 

Now, recall that 

Vj}v*j = -MA^v, v) + PMA*-\ v) + p 2 u(A 2i -\, v) + •••)• 
Thus, the ideal (£{Pi,Vj}v* + (cf p ' m ) 

i<i<n) is equal to (£i)i<i<n f° r 

S t = { u {A^v, v) - (cf p ' m - /? lC ^ m - /3 2 c^ m - -..)); 

we can and will use the Jacobian of Si instead of t[ to describe U. We can calculate the 
differentials of u;(A 2i_1 f , with respect to yj e V and 7 e sp 2ra : 

_d_ 

d_ 
dj ' 

Thus, if 



(u(A 2i - 1 v,v)) = 2u;(A 2i - 1 v,y j ) 

(tjiA^v, v)) = u(A 2i - 2 -fv + A 2i SAv + ■■■ + 1 A 2i ~ 2 v,v). 



/iigrad(S'i) + ^ 2 grad(S , 2 ) + ••• + ^„grad(5„) = 
for some //i, ^2, • • • , fJ-n 6 C, then 

uj(mAv,yj) + uj(u 2 A 3 v,y j ) + ■■■ + uj(u n A 2n ' 1 v,y j ) = 

for all 1 < j < 2n. Equivalently, (fiiA + u 2 A z + ■■■ + u n A 2n ~ 1 )v = 0. 

Now we will consider the situation in B$ = gvB rn . We know that dimZ = dimZ, where 
Z - V x Af and Af is the nilpotent cone of sp 2ra . Since V and Af are irreducible, Z, and hence 
Z, is irreducible. Recall that U was defined as the locus of points (v,A) e Z c 1/ © sp 2ra 
such that rank(Jac) < n, or in other words, all n x n minors of the Jacobian matrix have 
determinant 0. Since each of those determinants is homogeneous with respect to our second 
filtration, it is natural to define U c Z as a locus of points where rank(Jac) < n. Then, 
dimC/ < dimt/. Note that U = U\ u U 2 , where U\ = U n {(v, A)|^4 is regular nilpotent} and 
U 2 = Un{(v, A)\A is non-regular nilpotent}. The codimension of a regular nilpotent's orbit is 2, 
so codim^(L r 2) > 2. It suffices to show that codim^([/i) > 2 as well. We shall do this by showing 
that given a regular nilpotent A, dim(y4 iS i ng ) < In - 2 in V, where Vising - {v e A) e C/}. 

Let us switch to a basis of sp 2n where 





/o - 








-1\ 




••• 





1 





J = 


••• 


-1 










,1 







0, 



If we define 



A = 



1° 


1 


• 


•• 0\ 








1 • 


•• 








■. 








• 


•• 1 







• 


.. 0) 
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then AJ + JA T = so A e sp 2n . Now, suppose that Ei<j<n /Aj'g ra d(£j) = at (A,v), for 
v = (oi, . . . , a 2n ). By examining the components of grad(5j), we get a2« = 0; moreover, 
either a 2n _i = 0, or m - ••■ - // n -i = 0. The conditions a 2n = a 2n -i = define a codimension 
two subspace as desired. We thus need to show that if a2n = and fj,i = ••■ - /x„_i = 0, then 
Xii<j< n /ijgrad(S'j) = implies a non-trivial condition on v. To find such a condition, note that 

^-(w^ 2 "- 1 *;,*;)) = u(A 2n - 2 jv,v) + u{A 2n ~ z 1 Av,v) + ••• + uj(-/A 2n - 2 v,v), 

and that J^(c^ op ' m - /3ic ra ° p 1 ' m - ••■) does not depend on v and is just a number for a fixed A 
Now, let us take 7 = e 2n> i; we can verify that e 2n> iJ + J^2n 1 = 0, so e 2n> i e sp 2 n- We note that 
e2n,iA 2n ~ 2 = e 2 „,2n-i, ^4e 2 n,i-4 2n ~ 3 = e 2n -i,2n-2, ^4 2 e2n,i-4 2n_4 = e 2 „- 2 ,2n-3 and so forth. Thus, 
^(cj(j4 2 ™ _1 w, «)) = w(A T ti, w). However, if v = (ai, . . . , a 2n -i, 0), 

w(A T i',i;) = w((0,ai, . . . ,a 2n -i), • • ,a 2n -i,0)), 

is a nontrivial degree two polynomial in ai, . . . , a 2n -i that should equal the number J^(cn° p ' m - 

Pic° p { m — This gives the other codimension 1 condition, and so U\ is at least codimension 
2 as desired. □ 



A Appendix 

In the appendix, we give examples of the technical computations from the main body of the 
paper. 

A.l Proof of Lemma 13.21 

We shall present the proof that D = 0; the proof that C = goes along exactly analogous lines. 
Let us write D = —D\ - D2 + D 3 , where 

a = i y y (m + 2)\ om+i-2j k 

2 m t[ fc e (2i + l)(2fc + l)!(2j-2A : -l)!(m + l-2j)! M 



I m+2 j 

n _ J_ ^ J y (m + 2)! -,\m+2-2j 

2 2™ tl ^ (2A; + l)!(2i-2/t-l)!(m + 2-2i)! lP ; 2fc ' 



and 



1 V 1 V 4 (m + 2)! -ixm+l-27/ . \ 

2^ & fc L (2j + iK2fc + l)!(2j - 2k - l)!(m + 1 - 2j)! (/? + 1} («» + 



^3 = 



Using the binomial theorem, we find that 



Di = F 1 (^) + F 1 (-^) 
D 3 = F 3 (^) + F 3 (-^), 
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where 

*< V7) = s^r^(^ + 3 + x/ -r- -v-i- vt)*" 
+ ^((/3 + 2 +v ^r +2 -( / 3 + i- v ^r +2 )j 

F 3 (^y) = -^i-^ ((/3 + 3 + ^) m+2 - (/3 + 1 - ^) m+2 + (/3 - 1 - Vx> m+2 - (0 + 1 + ^) m+2 ) 

Then, Z? = F(^j) + F(-^f), where 

F(y/l) = -Fx(Vl) ~ F2(Vl) + F 3 (^y) 

= i- ((/3 + 1 - ^)™ +2 - (/3 + 1 + ^) m+2 ) . 

Since F is an odd function in ^Py, D - as desired. 
A.2 Proof of Lemma IQ1 



We show that \y\X\ + 1/2X2 + C\{m),x{\ = in H Sm {Ql 2 ). Using Theorem 3.1 we get 

/ I m±l I . , \ 

1 f* J y 4j - m - 1 tm + 2\ /m + 1 - 2fc\ +2 _ 2j - fc » 

2 m+1 tl 2j + l l2A; + l/l2j-2A;-l/ P 7 



[VlXl +V2X2,X!] = 



j=l k=0 

m+2 j > 



XI 



(enxi + e 2 ixi). 



I y y ( m + 2 ]( 2 ^ V 

2 m jrl ^\2j + l)\2k + ir 
Using Lemma 3.1, we get 

1 m+2 j . I 



m+2 1 



(enxi + e 2 ixi). 

We shall prove that the coefficient of xx in [yixi + y 2 x 2 + C\(rn),x\\ vanishes. This coefficient 
simplifies to 

I m+2 I . / 

— y H-l m+2 \l 23 W +2 - 2 v + f m+2 V 2j + 1 W +1 - 2 v 

2 m+1 f£ t\ \2i + l/V2fc + ir 1 \2j + l)\2k + l) H 1 
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As in A.l, we can find closed form expressions for the above quantity: 

'm + 2\( 2j \ am+2 _ 



m+2 I 

~2Ti 3 



2»n+l 



om+l 



2m+l 



m + 2\(2j + 1\ m+1 _ 2 j k 

P 7 



U2k 



- ± i(-( m+2 )( 23 ) 

I m +2 I 

— y y(( m+2 )l 2j + 1 ) 

fa ^ U2i + lJl2fc + lJ 

I I 

I m +2 I 

2 "' j=o 6A V2j + 1/V2k + 1/ U ' 

I I 

^ E t(-( m * 2 )( 2i W) 

«' £j\ I 2j A2* + lf 

I m +2 I 



\m+2-2j 



\m+2-2j 



2m+l 



^i(^) + i ? i(-v / 7) 
i ? 2 (x/7) + i ? 2(-x/7) 

F 4 (^) + F 4 (-^) 

i ? 5 (^) + i ? 5 (- v / 7) 
i ? 6 (^) + i ? 6(-x/7)- 



j=0 fc=0 

Then, some elementary algebra will show that ^1(7) + -£2(7) + -^3(7) + -^4(7) + -^5(7) +-^(7) = 0. 
A.3 Proof of Theorem IP1 

The trick, once again, is to find the closed form expressions for C\(i) and €2(1) ■ We shall 
demonstrate by computing the action of t[ on M(A) for the deformation £ = s m . 

Note that t[ = xiy 1 +x 2 y2+[yi,xi]+[y2,x 2 ]+C 1 (m), sot[(X) = ([y 1 ,xi]+[y 2 ,x 2 ]+C 1 (m))(X). 
Using Theorem 3.1 and 3.2 we can write i\(A) = (2A m + (3B m + Ci(m))(A), so after some easy 
simplifications, we get 



I m+2 I 

~i 3 



We can write 



I m+2 I 
~2~J J 



Mtr+Xti)") 



((/3 + 1 + ^) m+2 - {p - 1 - V^) m+2 + V7) m+2 + C/3-1 + V7) m+2 ) 



and 



I m+2 I 



| o E(r 2 r)( 2 ; +1 )w) 



= -^((/3 + i + ^r +2 + (/3-i-y7) m+2 -(^+i-^r +2 -(/3-i+v7r +2 ). 

4\/7 

Thus, 

= + 1 + V7) m+2 - 09 + 1 - ^) m+2 ) (A) = (2A ! + 5T ; (2A ^r 2 = H^i(A) 

as desired. 



2 m+2 (Ai-A 2 + l) 
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A. 4 Proof of Lemma 18.11 



In this section, we will outline the proof of Lemma 8.1 which states: 

E £{§7>4 e ( u iK* = - 

We use the basis for V defined in Section |8j in which uj is represented by the matrix J. 
Let us multiply \2\ by t 21 and sum over i to get the equivalent assertion that 



v v f ddet(l-L4) \ * 

?5— T^ ,aa 



Since the whole sum is sp 2n -i nv ariant (even though each term considered separately is not), we 
can look at the restriction of the sum to f). Thus, this sum equals zero if and only if 



„ „ fadet(l-tA) 1 » 



= o. 



We choose the following basis i? for sp 2n : ezj-ipj, &2j,2j-i, S2j-i,2j-i ~&2j,2j, for all 1 < j < n, 
and for all 1 < k < I < n, the elements e 2 i+i,2k + e 2k -i,2i+2, &2i,2k ~ e 2 k-i,2i-i, e 2 i+i, 2 k~i ~ e 2k ,2i+2, 
and e2z ; 2fc-i + ^2k,2i-i- We observe that for any 1 < j,j' < 2n, there exists a unique basis vector in 
B that takes vj to ±ty; we shall denote this element by Vfj e sp 2n . These Vj'j are not pairwise 
distinct since there are basis vectors with two nonzero entries. 

Since Sp 2n acts transitively on V, we can assume v - v\. Together with our choice of basis, 
we can then write 

v v / 5det(l-L4) \ * v d 2 det(l-L4) 

j eeB I ° e ) i,j'k OV k,l ov f,J 



where 



L jj' ~ 



1 if j = j' mod 2 and j' < j, or if j' = j and j is even, 
otherwise. 



We now restrict to h and only keep track of the non-zero terms. We have 8 det (* tA ^ 



± only 



when the matrices for Vf-t and Vj'j have nonzero entries on the diagonal, or if v^i and Vjij 
have nonzero entries at the i-th row j-th column and j-th row i-th column respectively. This 
can only happen when Vj'VkV* = v\v a v* for some a. We can list all the ways this can happen 
for a = 2b or a = 2b - 1 with b± \ (keeping in mind that v* 2h _ x = v 2 b and v^ b = -v 2 b-x)'- 

-. 8 2 det{l-tA) 



2. 



d 2 dct(l-L4) 

dv 1 , 1 dv 2b , 2b V ^VlV2b-l, 



o d 2 det(l-tA) ( s 

, d 2 det(l-tA) , \ 

4 dv 2bl 8v iab 

5 - ^26,1^6-1 2 (-^b-lW), 
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a a 2 det(l-tA) / x 



To calculate the derivatives, let A\ be the copy of sp 4 formed by the intersections of the first, 
second, 2k - 1-th, and 2fc-th rows and columns of 1 - tA, and let A2 be what remains after we 
throw out those rows and columns. Then, note that all the above derivatives evaluate to the 
same polynomial in the Cartan of A2 times the corresponding derivative in sp 4 ; for instance, 

dv! idv^b'itb 1 = ^ l dv' A %v' 1 with. v' 11 ,v' 33 e sp 4 and h e S(fy(A2)). Thus, we can reduce our 
problem to sp 4 , and straightforward computation can show that ^ is true for sp 4 . Similarly, 
when b-1 (that is, when the term is of form V1V1V2), all computations will reduce to analogous 
ones in sp 2 - 
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